ABSTRACT
INTRODUCTION
The construction of dynamical models constitutes an important step in the process of biological data integration. In particular, when facing complex regulatory networks, dynamical models offer means to check the coherence of tentative regulatory models with available data, as well as to simulate the system behaviour for various kinds of perturbations or new situations. However, the formulation of proper mathematical models is complicated by the diversity of biological processes, from biochemical reactions, to (post)transcriptional regulations, complex formation and signal transduction. These different processes have often been mathematically addressed with different formalisms or approaches. For example, metabolic pathways and networks have been modelled in terms of ordinary differential equations, and, more recently, in terms of Petri nets (PNs), taking advantage of stoichiometry and conservation laws. In contrast, * To whom correspondence should be addressed. genetic networks are usually described more qualitatively, using, for example, logical or piecewise linear equations. In any case, as the large majority of available data are still qualitative, most published biological dynamical modelling works focus on qualitative aspects, even when the modellers use quantitative approaches, such as differential or stochastic equations (de Jong, 2002) .
In this paper, we address the question of the modelling of different biological processes using a common qualitative modelling framework. As a first step in this direction, we have selected a relatively well-known metabolic pathway, the biosynthesis of tryptophan, which has been shown to be subject to several types of regulations. Amino acid Trp is essential for the survival and multiplication of Escherichia coli, whose genome encompasses an operon coding for various enzymes (TrpE, D, C, B, A), which collectively allow the conversion of chorismate into tryptophan through six enzymatic reactions. However, this biosynthetic process is energetically expensive, such that, when E.coli has access to tryptophan in its medium (mammal gut or culture medium), the synthesis of tryptophan is rapidly blocked. This regulation is realized through at least three different mechanisms: repression, transcription attenuation and enzyme inhibition. Each of these mechanisms is mediated by the presence of intracellular tryptophan. A schematic representation of this complex regulatory system is given in Figure 1 . From a computational biology point of view, the challenge consists in providing a generic modelling of all the different biological processes encompassed by Figure 1 . Several attempts have partially addressed this challenge, through the delineation of specific sets of differential equations (Santillán and Mackey, 2001; Xiu et al., 2002; Bhartiya et al., 2003; Santillán and Zeron, 2004) . Although these authors progressively include more regulatory processes, the quantitative model becomes increasingly complex, impeding proper analytical approaches. Dynamical insights are then obtained solely on the basis of numerical analyses, which are per se incomplete.
In contrast, in this paper, we aim at proposing a generic approach covering metabolic reactions and regulatory processes in a single PN-based qualitative modelling. To keep things relatively simple, we focus here on three processes:
(1) The metabolic pathway converting chorismate into tryptophan;
(2) the transcriptional inhibition of trpEDCBA operon by the dimmeric holorepressor, which results from the combination of the product of the repressor gene trpR with the amino acid Trp; (3) the inhibition of the enzyme involved in the first biosynthetic step, TrpE, by the final product, the amino acid Trp.
As illustrated in the following section, the metabolic pathway is easily modelled in terms of standard PNs, while taking explicitly into account the stoichiometry of each reaction, as well as the roles of the different enzymes. In the case of the two regulatory processes considered, a PN modelling is not so direct because regulators are not consumed and the stoichiometry not as evident (however, see Goss and Peccoud, 1998; Matsuno et al., 2003) . We will thus first turn ourselves towards a more abstract logical modelling approach, before applying systematic translation rules of logical regulatory schemes into standard PNs. We will then propose an integrated modelling of the whole system in terms of standard PNs, consequently allowing the application of rigorous dynamical analysis techniques. Finally, we will conclude by delineating the advantages and limitations of this approach, as well as discuss further potential prospects.
PETRI NET MODELLING OF THE TRP BIOSYNTHESIS PATHWAY

Introduction to Petri nets
PNs are a graphical and mathematical formalism well-suited for the modelling, analysis and simulation of concurrent discrete event systems (Murata, 1989) . Their major field of application is the modelling of man-made systems, such as manufacturing systems or distributed computing systems. PNs have also been successfully applied to the modelling of metabolic networks and signal transduction cascades (Reddy et al., 1996; Küffner et al., 2000; Heiner and Koch, 2004) . In this section, we give an informal introduction to the main principles underlying the PN theory, which will be useful for the sequel of the paper [for more details, see Murata, 1989] . A PN is defined by a bipartite graph (i.e. with two types of nodes) and tokens moving along this graph. Places (depicted as circles) and transitions (depicted as boxes) constitute the nodes of a PN, and weighted arcs connect nodes of different classes (Fig. 2) . A place that has an outgoing arc towards a transition t is called input place of t; a place that has an incoming arc from a transition t is called output place of t. Arcs are labelled with integer weights (by default, the labels equal 1). The structure of the net is represented by two matrices, called Pre and Post: Pre(p, t) is the weight of the input arc from p to t (=0 if there is no arc), Post(t, p) is the weight of the output arc from t to p (=0 if there is no arc). The dynamics of a PN is then described by means of the concept of marking: a marking M = [M(p 1 ), . . . , M(p n )], n being the number of places in the considered PN, is a function that assigns to each place a nonnegative number of tokens (depicted as black dots); the initial state of the net is represented by an initial marking M 0 [in the example of Places and their markings are generally associated to state variables, whereas transitions represent conditioned events which change the state of the system. The dynamics of a PN is then governed by the following firing rule:
• a transition t is enabled if each of its input place p is marked with at least Pre(p, t) tokens; • the firing of an enabled transition t removes Pre(p, t) tokens from each input place p, and adds Post(t, p) tokens to each output place of t.
For example, in Figure 2 , with the initial marking M 0 = (1, 0, 1) assigning one token in place p 1 and one token in place p 3 , transitions t 1 and t 2 are both enabled.
• If t 1 fires, then one token is removed from p 1 , and one token is added in p 2 . For this new marking (0, 1, 1), no transition is enabled (dead marking).
• If t 2 fires, then one token is removed from p 1 , and two tokens are added in both p 2 and p 3 . For this new marking (0, 2, 3), both transitions t 3 and t 4 are enabled (but neither t 1 nor t 2 ).
Finally, given an initial marking, the possible firing sequences of a PN are represented by its marking graph (Fig. 2 , bottom).
Petri nets and metabolic networks
The applicability of PN for the modelling and the analysis of metabolic networks has already been demonstrated by several groups [see Heiner and Koch (2004) and references therein]. Generally, a reaction involves primary compounds (metabolites), auxiliary compounds (such as CO 2 , H 2 O), output compounds, and may be catalysed by enzymes. A natural formulation consists in representing compounds by places and reactions by transitions, with the stoichiometry of each reaction encoded by the weights of the arcs connected to the corresponding transition (Zevedei and Schuster, 2003) . The marking of the PN defines the distribution of the compounds. Figure 3 illustrates the PN model for the main pathway of the tryptophan biosynthesis. Reactions are represented by transitions, with their reactants as input places and their products as output places. Enzyme catalysis is modelled as a side condition (with no consumption) represented by a test arc connecting the transition to the enzyme place. For example, in Figure 3 , reaction r 1 converts the primary compound chorismate (CHA), together with l-glutamine (lGln) into the output compound anthranilate (ANTA) together with pyruvate (Pyr) and l-glutamate (l-Glu). This reaction is catalysed by enzymes TrpE and TrpD. The dynamical analysis of this model is somewhat trivial as we are facing a simple metabolic chain conditioned by the presence of the catalytic enzymes and the required reactants. In Section 4, the integration of this metabolic pathway with specific regulatory processes will lead to more interesting results.
QUALITATIVE MODELLING OF THE NETWORK CONTROLLING TRP BIOSYNTHESIS
Logical modelling of the Trp regulatory network
Focussing on the transcriptional repression and enzyme inhibition, we obtain the simple logical regulatory graph included in Figure 4 . We consider here that Trp association with the enzyme occurs at lower concentrations than in the case of its association with the repressor dimmer. To fully specify the qualitative behaviour of this discrete system, we need to further specify the logical rules The last node (box) accounts for the import of Trp from the external medium (the permeation process is considered as constitutive here, for the sake of simplicity). All nodes are binary (i.e. can take the value 0 or 1), excepting Trp, which is represented by a ternary variable (taking the values 0, 1, 2). The association of tryptophan (at high levels) with the inactive form of the repressor (aporepressor) gives rise to the active form of the repressor (holorepressor); active repressor inhibits the transcription and thus the production of the enzyme TrpE; this enzyme is needed to produce the amino acid Trp; the association of Trp (at moderate or high levels) with this enzyme inhibits its activity. The parameters give the values towards which each component tends for a given context. As a regulatory component changes its value by at most one unit, there are at most two possible transitions associated with each parameter value, one corresponding to an increase, the other to a decrease of one unit. In the corresponding PN, each set of different parameter values attached to a given variable will accordingly give rise to one or two transitions (Section 3.2).
for each node expression. These rules are expressed in terms of logical parameters (for a more complete introduction to the logical formalism, see Thomas et al., 1995; Chaouiya et al., 2003) . For the network of Figure 4 , all the parameter values are defined in Table 1 . The most interesting situation occurs when there is no external Trp. Then, the regulatory system ensures a relatively low homeostatic production of the amino acid represented by the logical cycle 000 → 010 → 110 → 100 → 000, where the vector components represent the Trp concentration, the enzyme and the repressor activities, respectively. This cycle is reached from any initial state and forms a terminal connected component (or 'attractor') in the logical state transition graph.
It can be shown that this homeostatic behaviour is induced by the negative circuit involving TrpE inhibition by Trp and Trp activation (synthesis) by TrpE. In this situation, we say that the corresponding circuit is functional (Thomas et al., 1995) .
In the presence of moderate level of external Trp, the system has a unique stable state, characterized by moderate Trp level, but no enzyme nor repressor activities (state 100). Finally, in the presence of high external Trp, there is again a single stable state, this time characterized by high Trp level plus high repressor activity (state 201).
Thus, in the presence of moderate or high external tryptophan, we obtain a single stable state and no cyclic attractor, which means that the functionality of the negative circuit between Trp and TrpE has been lost.
For this simple case, it is relatively straightforward to develop an exhaustive analysis of the state transition graph for the three qualitatively different situations with respect to external Trp import, including transitions between these different situations. Such simulations can be performed using a dedicated software, such as GINsim (Chaouiya et al., 2003) .
With respect to the state transition graph, we have to face an exponential increase of the number of states with the number of regulatory components, although qualitative analyses can still be performed for dimensions already intractable using classical differential approaches. In the following sections, we show how this type of logical regulatory models can be automatically translated into standard PNs, consequently allowing their merging with models of metabolic pathways, as well as the recourse to powerful dynamical analysis techniques.
PN modelling of the Trp regulatory network
We have recently proposed a systematic way to map logical regulatory networks into specific standard PN, multi-level regulatory Petri net or MRPN [see Chaouiya et al. (2004) for the Boolean case]. In the sequel, we briefly recall this procedure, while applying this mapping to the logical regulatory graph of Figure 4 .
Recall that all nodes are binary, except Trp which can take the values 0, 1 or 2. Each regulatory product R is represented by two complementary places R and R such that M(R) + M( R) = Max R , where Max R is the maximum expression level of R. In the case of the enzyme, the marking of place TrpE gives the current level of activity of the enzyme [M(TrpE) equals 0 or 1], whereas the marking of place TrpE verifies M( TrpE) = 1 − M(TrpE). In the case of Trp, three levels have been defined, so M(Trp) + M( Trp) = 2. Place Trp and its complement will thus indicate the qualitative concentration of the amino acid, from 0 to 2; for example, a marking assigning two tokens in place Trp (and therefore, no token in Trp) corresponds to the absence of the amino acid.
From Table 1 , we derive four situations which can lead to a change of the level of Trp:
• Trp is called to its level 0 when both Trp ext and TrpE are absent;
• Trp is called to its level 1 when Trp ext is at its level 1 (whatever the level of TrpE); •
Trp is called to its level 1 when the enzyme is active and the import of tryptophan is not massive (Trp ext is not 2); • Trp is called to its level 2 when the import of tryptophan is high (value of Trp ext is 2).
The first event is modelled by transition t 1 in Figure 5 . We have used PED, a PN editor, http://www-dssz.informatik. tu-cottbus.de/∼wwwdssz to specify the PN model. The analysis has been performed using INA (Integrated Net Analyzer, http://www.informatik.hu-berlin.de/∼starke/ina.html). A structural analysis shows that the PN of Figure 5 is strongly connected, structurally bounded (whatever the initial marking, the number of tokens in each place is bounded) and conservative (given an initial marking which assigns k tokens in all, any reachable marking assigns exactly k tokens in all).
Let M(Trp ext , Trp, TrpE, TrpR) = (0, 0, 0, 0) be the initial marking (the markings of the complementary places directly follow). Then, the marking graph has four nodes organized in a cycle, accounting for the low homeostatic production of the tryptophan together with the homeostatic regulation of the activity of the enzyme.
For any initial marking assigning one token in Trp ext [M(Trp ext ) = 1, moderate level of external tryptophan], the marking graph has one reachable dead marking, with one token in Trp, no token in TrpE nor in TrpR.
For any initial marking assigning two tokens in Trp ext [M(Trp ext ) = 2, high level of external tryptophan], the marking graph has one reachable dead marking, with two tokens in Trp, no token in TrpE and one token in TrpR.
INTEGRATED PN MODELLING OF REGULATED TRP BIOSYNTHESIS PATHWAY
We have now defined all the ingredients needed to systematically derive a PN representation of the regulated tryptophan biosynthesis pathway. The complete PN model is shown in Figure 6 . It has been derived from the integration of the PN model of the metabolic pathway together with that of the regulatory part. Note that the PN modelling of the metabolic pathway is identical to that of Figure 3 . However, in the case of the regulatory part, we need first to realize that the effect of TrpE onto Trp in Figures 4 and 5 corresponds precisely to the metabolic pathway converting chorismate into tryptophan. Recall that in the MRPN of Figure 5 , the effect of TrpE on Trp is modelled by the transitions t with their input and output arcs, together with the test arc from TrpE towards t 1 . In Figure 6 , these components are thus replaced by the PN metabolic pathway of Figure 3 .
Furthermore, place Trp has to be considered as an input place of transition r 6 to ensure a coherence of the marking of the complementary places Trp and Trp.
The inhibitory effect of the holorepressor onto the operon trpEDCBA is also easily taken into account in this model, although in the simplified logical regulatory graph and in the corresponding regulatory PN of Figure 5 , only TrpE was explicitly modelled by transition t 7 .
We have further eliminated the auxiliary output compounds of our model (such as Pyr, l-Glu). In addition, for each of the five enzymes, a complementary place is added, to take into account the inhibition of their transcription by the holorepressor. We also assume that the input compounds of the pathway are always present (and do not constitute a restrictive resource of the system). To simply model such a situation, transition r 6 artificially feeds places corresponding to input compounds (CHA, l-Gln, PRPP and l-Ser), assuming a quantitative relationship between the input compounds and the production of tryptophan (Heiner and Koch, 2004) . These transformations (not shown in Fig. 6 ) lead to a PN which is structurally bounded, and therefore with a finite marking graph. These properties facilitate greatly the analysis.
When tryptophan is present in the cell, the inhibition of the first enzyme TrpE is faster than the first biosynthetic step in the metabolic pathway. To take into account this situation, we add a priority on transition t 6 such that when t 6 and r 1 are both enabled (when the enzyme TrpE is active and when the internal tryptophan is present), the association with the enzyme occurs with a higher priority, preventing the first step of the metabolic pathway.
The reachability analysis of the obtained PN led to the following results, in accordance with the results obtained in Section 3.1:
• For an initial marking with no external tryptophan, all input compounds of the metabolic pathway present, all enzymes active, no internal tryptophan, no holorepressor, the marking graph contains nine nodes, organized as a cycle with six nodes corresponding to a situation where TrpE is active, Trp absent and the six consecutive steps of the metabolic pathway proceeding towards Trp synthesis. At this stage, the association of Trp with the enzyme TrpE occurs (firing of t 6 ) leading to a state where TrpE is inactive. Then, Trp goes to its level 0 enabling the enzyme to be active again. This dynamics corresponds to homeostatic levels of internal tryptophan and TrpE activity.
• For an initial marking with a low incoming flow of external tryptophan, all input compounds of the pathway present, all enzymes active, no internal tryptophan and no holorepressor, the marking graph contains 66 nodes, with a unique reachable dead marking, with Trp present at a moderate level, the repressor and TrpE inactive, but all other enzymes present.
• For an initial marking with a high incoming flow of external tryptophan, all input compounds of the pathway present, all enzymes active, no internal tryptophan and no holorepressor, the marking graph contains 120 nodes, with six dead markings, all with Trp at a high level, the repressor active and the six enzymes repressed. These six dead markings only differ by the marking of the places representing metabolic intermediates, illustrating that the metabolic pathway can be blocked at any of its six steps.
Thus, in the absence of significant Trp influx, the system has a unique homeostatic attractor, whereas, for moderate ou high tryptophan influx, the system reaches a dead marking. These properties match exactly the behaviour obtained in Section 3.1 for the logical regulatory model. Here also, it is possible to connect the homeostatic property with the functionality of the negative circuit encompassing the whole metabolic pathway and the enzymatic feedback inhibition [(see Remy et al., 2005 , http://iml.univ-mrs.fr/editions/preprint2005/ preprint2005.html) for a thorough introduction of this feedback circuit analysis in the PN context for the Boolean case; the generalization of this analysis to MRPN will be presented elsewhere].
In this paper, we have focussed on the presentation of a generic qualitative modelling approach based on the logical representation of regulatory networks in combination with the PN representation of metabolic pathways. Expressed in terms of standard PNs, the resulting models become amenable to the variety of mathematical analysis tools developed by the PN community. In particular, for given initial marking(s), it is possible to identify all attractors by means of reachability analysis. We can also refer to the notion of T-invariant to enumerate the flux modes of the metabolic pathway (Zevedei and Schuster, 2003) . Finally, taking inspiration from the analysis of the roles of feedback circuits developed in the context of the logical modelling (Thomas et al., 1995) , it is possible to delineate the role of specific circuits in the regulated metabolic network, directly in the context of the PN modelling.
In order to indicate how this approach can be applied to specific cases of regulated metabolic pathways, we have applied it to the modelling of the tryptophan biosynthesis pathway. This application is particularly challenging as at least four different regulatory feedbacks occur in our model bacterium, E.coli. For the sake of simplicity, we have focussed on two of these regulatory feedbacks, namely the inhibition of the first enzyme (TrpE) by the final product (Trp) of the metabolic chain considered, and the transcriptional inhibition of all catalytic enzymes (including TrpE) by the holorepressor (involving Trp at high concentration). The resulting integrated PN model is readily amenable to classical PN analysis techniques, leading to the delineation of the asymptotic behaviour for different income fluxes of external Trp. For low Trp influx, we obtain a cycle representing the homeostatic regulation of both Trp and TrpE. For moderate Trp influx, we obtain a dead marking with both TrpE and the repressor inactive. Finally, for high Trp influx, we obtain a dead marking characterized by the absence of all Trp catalytic enzymes and the presence of active repressor (holorepressor). Beyond this faithful qualitative reproduction of the main dynamical properties of the system for different Trp influxes, we would like to stress that all these results lean on well-established analysis tools. Furthermore, on the basis of these analytical results, we can easily predict the asymptotical behaviour for different perturbations, e.g. what happens when the Trp influxes change. Now, we have to concede that this model is still too simple to represent all the qualitative subtleties of the biological system. We are presently considering several extensions to take into account the additional regulatory feedbacks occurring in E.coli, in particular, the transcriptional attenuation mechanism and the transcriptional regulation of the Trp permease (the product of the mtr gene) by the holorepressor.
In conclusion, we believe that we have provided here a first step towards the integration of regulatory and metabolic processes into a coherent qualitative modelling framework, in terms of standard PNs. The resulting models can then be analysed using a large variety of different analyses (e.g. the computation of P-or T-invariants). In this framework, it should also be possible to rely on the model checking techniques developed by the PN community. Finally, it should also be interesting to take advantage of existing extensions of this formalism to refine qualitative models and generate more quantitative results, e.g. using hybrid or stochastic PNs extensions.
